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Tutorial content

i. Part I: Philosophical foundations of non-Fregean logics, basic
properties of SCI
▶ Frege, Wittgenstein, Suszko
▶ basic properties of axiomatic SCI
▶ truth-valuation semantics and synthetic tableaux for SCI

ii. Part II: Structural proof theory of SCI and WB
▶ sequent calculus ℓG3SCI
▶ sequent calculus G3WB

iii. Part III: Intuitionistic non-Fregean logic ISCI
▶ philosophical foundations and Kripke semantics
▶ natural deduction systems for ISCI
▶ extensions of ISCI
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Section 1

Frege



Frege

Equality gives rise to challenging questions which are not
altogether easy to answer. Is it a relation? A relation
between objects, or between names or signs of objects? [3,
p. 56]



Frege

▶ a = a vs. a = b;
▶ a = a is an example of an analytic judgement: i.e.

a judgement that does not require us to rely on external
sources to verify its validity;

▶ a = a is established a priori ;
▶ suppose that a = b holds, that is “a” and “b” are (on some

indeterminate level) the same: how can we pinpoint its
difference from a = a?

▶ the above statements hold different cognitive value;
▶ accepting a = b as a true statement compels us to use some

additional information.



Frege: names

▶ a sign/name: proper name which references a definite object
(not relation or concept);

▶ a sense: expressed by a name; the way the mode of
presentation is contained; it can be grasped by anybody who is
sufficiently familiar with the language or totality of
designations to which it belongs;

▶ a reference (denotation, semantic correlate): an object
designated by a name; it does not apply to all names, e.g. “the
celestial body most distant from the Earth” or “the least
rapidly convergent series”; something we refer to in a natural
language use;

▶ an associated idea: a mental representation build upon our
experiences, emotions and cognitive functions; its clarity (and
clarity of its components) may differ for different people.



Functions

▶ In Function and Concept Frege examines differences between
a general definition of a function and function applied to
a given argument.

▶ Again, different name can point us to the same object, e.g. 8
and 4 + 22, however the former one is not a function and the
latter one reminds us of one (for example 4 + x2).

▶ In the case of 4 + x2 we do not treat x as a permanent
element of a function. This particular letter indicates
incompleteness of a function.

▶ Argument of a function (substituted for x) is itself a name of
certain object, it is a finite entity, which is required for a given
function to be complete as well.

▶ Argument is not a section of a function, too, but together they
constitute a complete, finite entity: a name.



Frege: sentences

▶ a reference of a sentence for declarative sentences (direct
speech) built with non-empty names: truth values; Truth
(existence) or False (non-existence);

▶ a sense of a sentence: a thought (an objective content of
a subjective performance/act of thinking).



Frege

We are therefore driven into accepting the truth value of a
sentence as its referent. By the truth value of a sentence
I understand the circumstance that it is true or false (. . .)
Every declarative sentence concerned with referents of its
words is therefore to be regarded as a proper name, and
its referent, if it exists, is either the true or the false. [3,
p. 63]



Frege

▶ Evening Star rises in the evening.
▶ Morning Star rises in the morning.



Frege

▶ a reference of a declarative sentence (which consists of
non-empty names) is its logical value;

▶ true (false) sentences are names for Truth (False);
▶ extensionality: logical value will not change in a situation

where we substitute any component of the main expression for
other one of the same reference (but different sense, e.g.
5 = 5 vs. 2 + 3 = 5);

▶ knowledge: sense and reference of a sentence.



Section 2

Wittgenstein



Wittgenstein

1 The world is all that is the case.
2 What is the case — a fact — is the existence of states
of affairs.
3 A logical picture of facts is a thought.

4 A thought is a proposition with a sense.

4.022 A proposition shows its sense.
A proposition shows how things stand if it is true. And it
says that they do so stand.



Wittgenstein

4.014 The gramophone record, the musical thought, the
score, the waves of sound, all stand to one another in that
pictorial internal relation, which holds between language
and the world. To all of them the logical structure is com-
mon.
4.03 A proposition must use old expressions to communi-
cate a new sense.
A proposition communicates a situation to us, and so
it must be essentially connected with the situation.
And the connexion is precisely that it is its logical picture.
A proposition states something only in so far as it is a
picture.

6.13 Logic is not a theory but a reflexion of the world.



Wittgenstein

5.141 If p follows from q and q from p, then they are one
and the same proposition.

5.5303 Roughly speaking, to say of two things that they
are identical is nonsense, and to say of one thing that it is
identical with itself is to say nothing at all.



Section 3

Suszko



Suszko

▶ Bloom and Suszko, “Investigations into the Sentential Calculus
with Identity” (1972)

▶ Suszko, “Abolition of the Fregean Axiom” (1975)



Suszko1

▶ sentences are denoted by ψ ;
▶ referents are denoted by r(ψ);
▶ senses are denoted by s(ψ);
▶ logical value is denoted by t(ψ)

s(ψ) ψ t(ψ)

r(ψ)

1The diagram can be found in [5]



Suszko

▶ Fregean Axiom: There are no more than two situations
described by sentences:

t(ϕ) = t(ψ) =⇒ r(ϕ) = r(ψ)

▶ In the context of classical logic the question of equivalency of
two formulas reduces to the question whether these formulas
have the same logical value:

v(ϕ↔ χ) = 1 ⇐⇒ v(ϕ) = v(χ)

▶ Suszko introduced SCI—Sentential Calculus with Identity, the
basic non-Fregean logic—in the late 60s.

▶ It was inspired by semantic considerations related to
Wittgenstein’s Tractatus.



Suszko

▶ Truth (Falsity) is described by any true (false) proposition.
▶ According to Suszko, this is unfortunate, and could be

remedied by allowing new identity connective, which describes
the fact that two propositions describe the same situation.

v(ϕ ≡ χ) = 1 ⇐⇒ r(ϕ) = r(χ)



Suszko

▶ Naturally, two formulas may have the same logical value, while
not having the same referent. On the other hand, if they have
the same referent they also have the same logical value, i.e.,
they are equivalent.

▶ Thus identity is stronger than equivalence:

(ϕ ≡ χ) → (ϕ↔ χ)



Suszko

Identity-dedicated axioms:
(≡1) ϕ ≡ ϕ

(≡2) (ϕ ≡ χ) → (¬ϕ ≡ ¬χ)
(≡3) (ϕ ≡ χ) → (χ→ ϕ)

(≡4) ((ϕ ≡ χ) ∧ (ψ ≡ γ)) → ((ϕ⊗ ψ) ≡ (χ⊗ γ))

where ⊗ ∈ {∧,∨,→,↔,≡}

Interpretation:
(≡1): Every formula is identical with itself.
(≡2): If formulas ϕ and χ are identical, then so are their negations.
(≡3): Identity connective is stronger than equivalence.
(≡4): Identity is a congruence relation.



But I am frank and fair, by my nature. So I tell you keep
the Fregean axiom hidden in your pocket when entering
the gate of NFL and be ready to use it at once, when you
feel a confusing headache. Formally, you will be collapsing
NFL into FL. Informally, you will be expelling yourself from
a logical paradise into the rough, necessary world. [5, pp.
170]



Section 4

Non-Fregean systems



SCI: axiomatic system [2]

L = ⟨L,¬,∧,∨,→,↔,≡⟩

(≡1) ϕ ≡ ϕ

(≡2) (ϕ ≡ χ) → (¬ϕ ≡ ¬χ)
(≡3) (ϕ ≡ χ) → (χ→ ϕ)

(≡4) ((ϕ ≡ χ) ∧ (ψ ≡ ω)) → ((ϕ⊗ ψ) ≡ (χ⊗ ω))

where ⊗ ∈ {∧,∨,→,↔,≡}



SCI: semantics

Definition
SCI-algebra is the following algebra:

A = (A, ¬̇,∩,∪, →̇, ↔̇, ◦)

Definition
SCI-model Any of the form < A,U > is called an SCI-model if and
only if A is an SCI-algebra, U is any subset of A that for any
a, b ∈ A the following conditions are met:

1. a ∈ U ⇔ ¬̇a /∈ U;
2. a ∩ b ∈ U ⇔ a ∈ U and b ∈ U ;
3. a ∪ b ∈ U ⇔ a ∈ U or b ∈ U;
4. a→̇b ∈ U ⇔ a ̸∈ U or b ∈ U;
5. a↔̇b ∈ U ⇔ a, b ∈ U or a, b ̸∈ U;
6. a ◦ b ∈ U ⇔ a = b;



SCI: semantics

Definition
SCI-valuation is a homomorphism v of algebra L into its associative
algebra A, which fulfills the following conditions:

1. v(¬ϕ) = ¬̇v(ϕ)
2. v(ϕ ∨ χ) = v(ϕ) ∪ v(χ)

3. v(ϕ ∧ χ) = v(ϕ) ∩ v(χ)

4. v(ϕ→ χ) = v(ϕ)→̇v(χ)

5. v(ϕ↔ χ) = v(ϕ)↔̇v(χ)

6. v(ϕ ≡ χ) = v(ϕ) ◦ v(χ)

Definition
For an arbitrary formula ϕ: v satisfies ϕ iff v(ϕ) ∈ U.



Non-Fregean systems: WB [4]

L = ⟨L,¬,∧,∨,→,↔,≡,⊤,⊥⟩

(≡5) ((ϕ ∧ χ) ∨ ψ) ≡ ((χ ∨ ψ) ∧ (ϕ ∨ ψ))
(≡6) ((ϕ ∨ χ) ∧ ψ) ≡ ((χ ∧ ψ) ∨ (ϕ ∧ ψ))
(≡7) (ϕ ∨ (χ ∧ (χ→ ⊥))) ≡ ϕ

(≡8) (ϕ ∧ (χ ∨ (χ→ ⊥))) ≡ ϕ

(≡9) (ϕ→ χ) ≡ ((ϕ→ ⊥) ∨ χ)
(≡10) (ϕ↔ χ) ≡ ((ϕ→ χ) ∧ (χ→ ϕ))

WB = C ({α ≡ β : (α↔ β) ∈ C (TFT )})



Non-Fregean systems: WT

5.141 If p follows from q and q from p then they are one
and the same proposition.

(≡11) □(ϕ↔ χ) ≡ (ϕ ≡ χ)

(≡12) □ϕ ≤ ϕ

(≡13) □(ϕ ∧ χ) ≡ (□ϕ ∧□χ)

(≡14) □□ϕ ≡ □ϕ

□ϕ =df ϕ ≡ ⊤
ϕ ≤ χ =df (ϕ→ χ) ≡ ⊤

WT = C ({α ≡ β : (α↔ β) ∈ C (∅)})



Non-Fregean systems: WT

WT is closed under both Gödel rule (all three versions below are
equivalent):

ϕ, χ

ϕ ≡ χ

ϕ

ϕ ≡ ⊤
ϕ

□ϕ

(if a, χ ∈ WT, then ϕ ≡ χ ∈ WT) and the quasi-Fregean rule, that
is:

ϕ↔ χ

ϕ ≡ χ

ϕ→ χ, χ→ ϕ

ϕ ≡ χ



Non-Fregean systems: WH

5.5303 Roughly speaking: to say of two things that they
are identical is nonsense, and to say of one thing that it is
identical with itself is to say nothing.

(≡15) (□ϕ ≡ ⊤) ∨ (□ϕ ≡ ⊥)

or
(≡15) ((ϕ ≡ χ) ≡ ⊤) ∨ ((ϕ ≡ χ) ≡ ⊥)



Thank you!
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